The change in the phase diagram of polymer mixtures under flow is an important issue since flow may promote mixing or demixing of the phases in a polymer mixture. This work, compared to previous studies, presents a different approach with special attention to the rheology of polymer solutions and flow conditions. Different approaches including Marrucci's approach in calculating stored elastic free energy (∆G E ) have been reviewed. Marrucci's equation is obtained based on a fundamental analysis of polymer chains microstructure. The new approach introduces the proper viscoelastic constitutive equations to estimate ∆G E . Selecting the appropriate rheological model is essential to correctly estimate the state of stress and deformation rates due to the flow. Moreover, the parameters of viscoelastic constitutive equations were defined, from the microstructural viewpoint, as functions of composition and temperature in semi-concentrated regions. Finally, flow induced change in the phase diagram of polymer solutions is predicted for a well-defined flow condition (constant shear rate and stress), and the results are compared with the previously reported experimental observations of mixing and demixing.
Introduction
Phase diagram is intrinsically a thermodynamic characteristic of a polymer mixture. However, observing some peculiar effects has shown that flow does change the thermodynamic state of the system. These effects, including an unexpected turbidity in flowing polymer solutions through a transparent tube [1] and the opposite behavior of polymer blends in a glass cone and plate viscometer [2] , have stimulated a lot of research on the effect of the flow on polymer mixtures' phase diagrams .
In 1952, Silberbey and Kuhn observed a 13 o C decrease in the cloud point of PS/ethylcellulose/benzene under simple shear flow [3] . Ver Strate and Philipoff, in 1974, reported flow induced demixing for PS in both di(2-ethyl hexyl)-phthalate and a mixture of Cis and Trans-dacalin [4] . Rangel-Nafaile et al. reported flow induced demixing for PS/DOP solution under simple shear flow condition [1] . In 1991, Yanase and his colleagues confirmed Rangel-Nafaile's results [5] . They completed the experimental data by studying the phase separation using light scattering. Time-dependent behavior of solutions in oscillatory shear flow has also been studied [6] and compared with previously studied solutions under simple shear flow [7] . Polymer blends phase diagrams under flow have also been studied extensively [2, [8] [9] [10] [11] .
Polymer mixtures are exposed to the flow for technologically important purposes. Therefore, it is crucial to study the effect of flow on their phase diagram and to predict their miscibility or immiscibility. In general, flow changes the kinetic energy of the fluid. For small molecular systems, the kinetic energy does not translate to the change in the Gibbs free energy of the system and, therefore, the phase diagram is not affected. In contrast, polymeric mixtures are viscoelastic and capable of storing part of this energy which, results in changes of phase diagram and mixture miscibility [12] . The stored energy due to the flow is commonly called elastic free energy (∆G E ). The main question is how to correlate the stored energy due to the flow (∆G E ), to the fluid properties and flow conditions. Considering the importance of this subject in different areas, there are some papers recently found employing this subject in various complicated polymeric systems such as polymer blends [13] [14] [15] [16] .
In this paper, we review different approaches to estimate the change in phase diagrams due to the flow and then introduce our approach. Results from our analysis are then compared with the reported experimental data for verification, followed by conclusions.
Phase Diagram analysis
This section consists of two parts: 1) A brief review of phase diagram characteristics in quiescent state, and 2) A review of different approaches to modify phase diagram under the flow Spinodal phase boundaries are obtained from the calculation of quiescent free energy of a mixture (∆G M ) as follows;
where φ is the volume fraction of polymer in the solution.
Flow causes the polymer molecules to stretch and store the energy, resulting in a change of their quiescent state free energy. Therefore, ∆G M must be modified for the flow condition to obtain spinodal lines under the flow.
There have been three approaches to calculate the free energy of a solution under flow, one of which is to modify the lattice model [17] . In this method, the lattice model is fundamentally reviewed and modified due to the changes caused by the flow.
Another approach is based on the lattice model in which, the Flory-Huggins interaction parameter of polymer solutions is modified for the flow condition [18] . The third approach is to apply the concept of non-equilibrium thermodynamics to flowing polymer solutions [1, [19] [20] [21] [22] [23] [24] [25] [26] [27] . Local equilibrium state is assumed for all internal points of the flowing solution under stress, similar to solids. The free energy of the system is then modified by adding (∆G E ), due to the flow. Therefore, the total free energy of the system (∆G T ) is obtained as [12] :
The spinodal lines of the phase diagram in flowing condition are then obtained as follows;
Comparing Equation (4) and Equation (1) shows that ∂ 2 ∆G E / ∂φ 2 and its sign is the only necessary and sufficient factor that determines the mixing or demixing of the system under flow. The positive value of ∂ 2 ∆G E /∂φ 2 means flow induced mixing due to the flow-induced stability, while the negative value shows instability caused by flow and results in demixing.
Positive values of ∂
2 ∆G E /∂φ 2 shifts the UCST type phase diagram to lower temperatures meaning flow induced mixing and the negative one shifts this type of phase diagram to higher temperature, which is flow induced phase separation. In contrast, for LCST type phase diagrams the resulting flow induced mixing and demixing are resulted from negative and positive values of ∂ 2 ∆G E / ∂φ 2 , respectively.
Calculating ∆G E
In this section, we review previous efforts undertaken to estimate ∆G E and then introduce our own approach. The choice of the viscoelastic constitutive equations (VCE) for estimating ∆G E is then, comprehensively discussed. Finally, a method for describing ∆G E as a function of concentration and temperature is proposed.
Review of previous works
Perhaps the oldest equation that has been used in this area is borrowed from Marrucci's approach who used simplified Hookean Dumbbell's model to calculate elastic free energy of a viscoelastic fluid [28] . He obtained ∆G E as a function of deviatoric stress tensor (τ) as follows;
Marrucci assumed the chains obey Hookean Dumbbell model in dilute region and ignored the interaction of polymer chains, to obtain Equation (5). He also used upper convected maxwell model (UCM) to justify his results, however, he did mention that the change in conformational tensor must be used for other models to estimate ∆G E [28] . Although applying Marrucci's equation is limited to low ranges of chain deformation and polymer concentration, it has been applied to more concentrated systems such as polymer blends [20] [21] [22] .
Free energy is a property of the system, and ∆G E is the energy that is associated with the change in conformational tensor due to the flow [19] . Therefore, Leonov, using different viscoelastic models, considered conformational tensor as the basis to obtain ∆G E [29] .
In another approach -mostly in the kinetic studies of phase separation [23, 24] -∆G E is estimated from concentration fluctuations occurring during phase separation in polymer solutions in different flow regimes from the microscopic point of view and in molecular level movement. While Marrucci and Leonov's approaches consider single component viscoelastic fluids, this approach considers the polymer solutions as a binary system based on microstructural models of Rouse, by Onuki and Helfand [18] [19] 23 ], or Reptation model, by Helfand [24] . The application of this method is shown to be limited to only very low rates of deformation in simple shear flow of polymer solutions.
Marrucci's equation has been widely used due to its simplicity even for the cases where the basic assumptions are ignored or violated [20, 21] . In 1984, RangelNafaile et al. obtained empirical data for flow induced demixing and increase in cloud points of UCST phase diagram for the system of PS/DOP in constant shear stress [1] . They obtained first normal stress differences in different concentrations for the solution and used it as Trace (τ) in Equation (5) Chopra and his colleagues, in 1999, proposed a modified version of Marrucci's equation to be generally applicable to polymer solutions and blends [22] . They used the suggested approach by Vrahopoulou et al. to modify the classical lattice model for flow condition [13] . They suggested the following equation for calculating
∆G E =ζ× N 1 (6) where N 1 is the first normal stress difference and ζ is a coefficient that depends on the fluid and the flow. They claimed that by the use of this equation, ∆G E can be obtained for all types of polymeric mixtures without Marrucci's constraints for dilute regions or low deformation rates. However, estimating both N 1 and ζ required experimental data and was system dependent.
Several important points are inferred from this brief review of previous studies. First is the importance of flow induced mixing and demixing and its analysis.
Interesting as it is, both shear induced mixing and demixing have been reported in different experimental flow conditions for a specific solution [10] . Second is the use of N 1 as a function of concentration in Marrucci's equation instead of Trace(τ). This arises several questions about the validity of Marruci's equations for these cases and the validity of using N 1 instead of Trace(τ). Furthermore, N 1 is a material rheological property and does not let the consideration of flow condition while Trace(τ) is a function of both flow condition and material rheological properties.
In the next section, first we derive an expression for ∆G E from a new approach, and then discuss how to obtain ∆G E as a function of concentration and temperature for different fluids and flow conditions.
New approach to calculate ∆G E
The change in end-to-end distance of a polymer chain is indicated by the change in the conformational tensor. The change in conformational tensor due to the flow is the most fundamental property of the material that can be related to ∆G E . Calculating conformational tensor components requires choosing an appropriate microstructural model [29] . In this paper, the Dumbbell model is selected as the microstructural model, since the rheological models based on Dumbbell model (Maxwellian type VCEs) are the easiest ones to apply and require the least number of parameters to be calculated.
Calculating ∆G E , requires the calculation of the change in both internal energy (∆U) and entropy (∆S). The change in internal energy, entropy and Helmholtz free energy, are obtained based on the kinetic theory of Maxwellian type VCEs as follows [31] :
where 'n' is the number of polymer chains per unit volume, 'k' is the Boltzmann constant, T is the temperature, C is the conformation tensor and δ is the unit tensor. For the constant volume process, ∆G E (Gibbs free energy) equals Helmholtz free energy.
∆G E =∆A flow (10) Stress in the polymer chain (τ e ), which is the equilibrium thermodynamic stress tensor of polymer chains is given as follows [29] ;
Affine deformation is assumed for some of Maxwellian type VCEs including Upper Convected Maxwell (UCM), Oldroyd B (OB), Giesekus and a special kind of PhanThien and Tanner model (affine network deformation) and the bulk stress tensor in these models is [29] ;
Combining Equations (9), (10) and (12) gives [30] :
where the dimensionless stress (τ'), shear modulus (E), and (η 0 ) are given as; τ'=τ/nkT (14) E=nkT (15) η 0 =Eλ 1 (16) where η 0 is the zero shear rate viscosity.
If the change of conformational tensor of polymer chains is assumed at constant volume then one can show [29] ;
Considering Equation (17), ∆G E is obtained from Equation (13) as;
Equation (18) has the form of Marrucci's equation, without Marrucci's assumptions and limitations. However, it is based on the assumption of Dumbbell model for the microstructure of polymer chains and constant volume chain deformation. These assumptions serve as appropriate guidelines to select consistent rheological models to calculate Trace(τ) in Equation (18) . Equations (13) and (18) are applicable in the range of high deformation rates, as no restricting assumptions have been made. The only important point to consider is to select an appropriate VCE to estimate Trace (τ) for the cases of high deformation rates.
As mentioned earlier, ∆G E and therefore Trace (τ) must be calculated as a function of temperature and polymer concentration. Therefore, the VCE parameters must be given as functions of composition and temperature to obtain an expression for ∆G E that, according to Equation (4), leads to spinodal boundaries.
Concentration and temperature dependence of VCEs parameters
Concentration dependent terms are considered in VCEs in two ways. For VCEs that are based on molecular kinematics, the role of polymer has been separated from the solvent. The final equation is derived from the superposition of solvent and polymer contribution, including compositional dependent parameters. In this kind of model, as is discussed for Maxwellian type equations in the Appendix 1, concentration dependent parameters are obtained based on a microstructural view.
For other types of VCEs, rheological data are employed directly to obtain concentration dependent parameters. The White-Metzner model is one of these models that has been used and modified by Wolf et al. [25] [26] .
Since VCEs from both types have been studied, the procedure to obtain model parameters is given for both types in Appendix 1. The Effect of the solution regime (e.g. dilute or semi-concentrated region) is given in Appendix 2 for all types of the solution studied.
Results and Discussions
In order to apply our analysis and evaluate its results, we selected experimental work by Rangel-Nafaile and his colleagues [1] . Our purpose is to use rheological data that has been provided by them to obtain the proper rheological model and its parameters and compare the results with available experimental ones.
Rangel-Nafaile Experiments
Rangel-Nafaile et al. used high molecular weight PS (M w =1.8×10 -6 g/gmol; ρ=1.05 g/cm 3 ) in DOP (Mw=390.6 g/gmol; ρ=0.9 g/cm 3 ) with the thermodynamical and rheological data as reported in Appendix 2. The binodal lines of phase diagram have been obtained using the cloud point measurement.
The quiescent phase diagram of the sample is shown in Fig. 1 according to their data. For the UCST type phase diagram (Fig. 1) , the Flory-Huggins formulation results in [31] :
where m is the ratio of the molar volume of polymer to that of solvent, R is the Universal gas constant, χ 1 is Flory-Huggins interaction coefficient, and φ is polymer concentration. χ 1 , is obtained from the experimental data as follows;
where T is the temperature in Kelvin.
VCEs' parameters as functions of temperature and composition are given in Appendix 2 using experimental results of N 1 as a function of concentration at constant stress. Graphs of N 1 as a function of composition show a maximum and then reach plateau for constant shear stress. 
Study of rheological models
In this section, four Maxwellian type rheological models are employed to predict ∆G E . The VCE parameters are calculated as described in Appendix 1 and given in Appendix 2 as functions of concentration and temperature. ∆G E is estimated as a function of concentration and temperature considering the type of the flow field for each case.
-Constant stress shear flow
For the case of constant shear stress (τ xy ), γ& is given as follows:
where η is approximated by the experimental values given in Appendix 2 as a function of concentration and temperature for each of the models. The dimensionless ∆G E or E s , which is a function of φ, is:
where v s is the solvent molar volume to that of polymer. In the following, ∆G E for four kinds of Maxwellian type VCEs for constant shear stress is given.
1. For UCM model, Equations (18) and (A-1) give: Fig. 2 shows E s as a function of composition at a constant temperature and different shear stresses for UCM model. (18) and (A-6) give: [25, 26] : (25) where J 0 e is the shear compliance. The E s resulting from White-Metzner model is given in Fig. 3 . For Oldroyd-B model Equations (18) and (A-2) result in:
The results for E s are shown in Fig. 4 . In this case, a peak does appear; indicating flow induced demixing but in the low concentration region and predicting flow induced mixing for higher concentration that is not consistent with the experimental results. For Giesekus model, explicit analytical solution for stress components does not exist. In this case, Equation (18) and (A-4) are solved to give: Three equations for τ xx , τ yy and τ xy are solved simultaneously and numerically to obtain Trace (τ) and E s as shown in Fig. 5 and Fig. 6 for different set of parameters. The E s diagram for Giesekus model passes through a maximum, which indicates flow induced demixing as reported by Rangel-Nafaile. Fig. 5 and Fig. 6 show that Giesekus model parameters, λ 1 and α do not qualitatively change the prediction of the model. However, λ 1 changes the position of the peak and α changes the magnitude of E s and especially the peak value. For quantitative prediction, values of λ 1 and α were obtained from the best fit for the prediction of experimental value of N 1 as a function of concentration from Equation (27) . The predicted values of N 1 using Giesekus model and selected parameters are compared with the experimental values reported by Rangel-Nafaile in Fig. 7 .
Finally, Equations (18), (22) and (27) , are used to predict E s as a function of concentration for three different shear stresses examined by Rangel-Nafaile. The results are shown in Fig. 8 .
As shown above, UCM, White-Metzner, and Oldroyd-B equations are not able to predict the experimental results even qualitatively. Therefore, it is very important to select appropriate constitutive equation to describe polymer flow. Giesekus model is shown to be able to predict Trace(τ) for the Equation (18) accurately. This is the result achieved by the acceptable compatibility between analytical solution and experimental data of N 1 (Fig. 7) and expecting flow induced demixing by the E s diagram (Fig. 8 ). The Giesekus model predicts a non-zero τ yy for the shear flow which means using N 1 in Equation (18) (as practiced by Rangel-Nafaile) is only an approximation; since Trace (τ) ≠ N 1 in this case. From the microstructural point of view, Maxwell and OB models are based on simple Hookean Dumbbell with no extra assumptions. While Giesekus model is based on Hookean Dumbbell with the assumption of anisotropy in Brownian motion of polymer chains in external stress fields [30] .
The agreement between experimental data of Rangel-Nafaile and corresponding analytical predictions of Giesekus model in shear flow shows the importance of considering anisotropy parameter in Brownian motion of polymer molecules. Anisotropy in Brownian motion means restriction of polymer motions along polymer molecule, which is conceptually close to reptation theory polymer chains motion [30] . It shows that employing a proper microstructural model has a vital effect on the accuracy of energy state prediction of the system under the flow. Fig. 8 . E s as a function of concentration at three shear stresses, using the parameters given in Fig. 7 , Temperature =35 o C.
It is interesting to study different VCEs under different flow conditions to see both the effect of flow condition and the difference in prediction by different VCEs. Therefore, in the next section, UCM, White-Metzner, Oldroyd-B and Giesekus models are examined for the case of constant strain rate shear flow.
-Constant strain rate shear flow
Equations (23)- (27) are used to predict E s for the case of constant strain rate shear flow, as well. The only difference is that γ& is not compositional dependent. Fig. 9 . The effect of VCE on E s v.s. composition under constant shear rate condition,
As shown in Fig. 9 , E s for all models is a monotonically increasing function of composition with positive curvature predicting flow induced mixing. Fig. 9 also shows predictions from different viscoelastic models.
The effect of the shear rate on the phase diagram is calculated and shown in Fig.  10 and Fig. 11 using Giesekus and White-Metzner models. Considerable changes in phase diagram occur only in concentrations higher than C * =0.02. That is because of weak dependence of model parameters on composition of low concentrations as discussed in Appendix 2.
Results show the importance of considering the flow condition in predicting mixing/demixing. Giesekus model predicts shear induced demixing (Fig. 8) in constant shear stress, and shear induced mixing in constant shear rate (Fig. 9) for the same fluid.
-Modified ∆G E equation
In Section 3.2., constant volume chain deformation was assumed to obtain Equation (18) from Equation (13) which was similar to Marrucci's equation. Equation (13) may be used directly without the assumption of constant volume chain deformation, which we call modified ∆G E equation. Therefore, three methods are available to estimate ∆G E and predict the flow induced phase diagram: 1) Using Equation (18), which is similar to Marrucci's equation and using Giesekus model to obtain Trace(τ) 2) Using the modified ∆G E equation (Equation (13)) and Giesekus model to obtain Trace(τ) 3) Using Marrucci's equation and approximating Trace (τ) by N 1 as performed by Rangel-Nafaile. The ∆G E as a function of concentration and at constant shear stress is obtained by these three methods and compared in Fig. 12 . Using N 1 produces relatively different results from the other two methods in complete range of concentrations; while deviation between predictions of Equations (13) and (18) appears at lower concentrations. This occurs since the chain deformation is much higher in lower concentrations at constant shear stress and therefore the role of entropy is more noticeable. Fig. 12 . E s as a function of concentration calculated by three methods: 1) ∆G E estimated by Equation (13); 2) ∆G E estimated by Equation (18) The flow induced binodal phase diagrams of the solution have been determined experimentally by Rangel-Nafaile et al. for three shear stresses. Since the spinodal lines are obtained in this work, the only comparable point of these two types of phase diagrams is the critical point [32] . Therefore, the critical point of spinodal lines calculated from methods 1, 2 and 3 are compared with the experimental values reported by Rangel-Nafaile in Table 1 . In Table 2 , comparison has been made for a different shear stress value. [32] Results in Tables 1 and 2 show that the critical point can be obtained from methods 1 and 2 which have strong theoretical foundation with reasonable accuracy. Further experimental work is required to distinguish between the accuracy of the two first methods.
Conclusions
We tried in this paper to introduce a general theoretical method for predicting flow induced phase diagram. Through this effort: 1. ∆G E was introduced as a parameter to predict spinodal lines and mixingdemixing phenomenon as consequence of flow. 2. Marrucci's equation was studied from another aspect that was based on microstructural point of view. This approach did not have the previous limitations and provided guidelines for selecting reasonable microstructural models. 3 . The result of the improved Marrucci model (without constant volume assumption) was briefly reviewed for a specific case. 4. It was noted that model parameters are required to be functions of temperature and composition. The functionality was found to be based on a microstructural view of the rheological models. 5 . Different rheological models were investigated and the Giesekus model was found the most appropriate in predicting spinodal lines based on the experimental data of Rangel-Nafaile. 6 . Different flow conditions were studied to predict mixing or demixing successfully and consistently with experimental evidences.
In conclusion, knowing the rheological aspect of the flow and flow analysis, we have developed a method for predicting the phase diagram of polymer solutions under flow in this paper.
Appendix 1: Concentration and temperature dependence of VCEs' parameters
Calculations of the model parameters as functions of composition is based on understanding the microstructure view point for the first group mentioned in Section 3.3. (i.e. for Maxwellian type) or using scale up formula in real state for the second one (i.e. for White-Metzner), together with experimental data. In this paper, the parameters of four models applied, are as follows.
UCM:
The constitutive equation of this model is [32] :
where v is the velocity vector.
There are two parameters in this model: One is η 0 (zero shear rate viscosity) which is influenced by both polymer and solvent and similar to viscosity, is a function of concentration. The compositional dependence of viscosity is determined by experimental data. In this paper, η 0 functionality obtained from curve fitting on experimental data is given in Appendix 2. Another parameter in this model is λ 1 (relaxation time). λ 1 is approximated by employing Hookean Dumbbell model from microstructural point of view. Therefore, it is not a function of concentration.
Oldroyd B:
The constitutive equation of this model is [33] : In OB model, another time constant is required as a model parameter, λ 2 (retardation time) which is related to both polymer and solvent contribution. This contribution is as follows [32] :
where η s is the solvent viscosity. Therefore, λ 2 is a compositional dependent parameter.
Giesekus:
The constitutive equation of this model is [33] :
This model is based on a modified Hookean Dumbbell model considering polymer chains' hydrodynamic anisotropy. η 0 , λ 1 and λ 2 are treated the same as OB model; however, another important parameter of this model is ' a ', which is equal to zero in OB. This factor is a dimensionless parameter, which is dependent on both polymer and solvent as follows [33] :
where α is the mobility factor of each dumbbell like molecule in Giesekus model appearing because of hydrodynamic anisotropy assumption and η p is polymer part viscosity. Similar to λ 1 , α is a property of each chain and therefore compositionindependent. Nevertheless, a is a compositional dependent parameter as Equation (A-5) indicates. As pointed out before, opposite to previous ones, this model is amongst the ones in which microstructural concept is not applied for its parameters. Therefore, the parameters are defined as functions of concentration employing experimental parameters. In the White-Metzner model, there are two parameters η and R τ .
White-Metzner
η is the shear rate dependent viscosity and R τ is the relaxation time of the solution, which is approximated in different ways considering different microstructure [34] . η where M w is molecular weight, c is polymer concentration and R is the universal gas constant.
Appendix 2: Concentration and temperature dependence of experimental data
As discussed in Section 3.3. , the effect of solution regime is considered in this paper. C * is the solution concentration in which the entanglements develop; C * is a function of M w as follows as reported by Inoue et al. for this system [36] :
whereα depends on solvent type. Below this concentration, there is no considerable viscoelastic behavior and applying the external force would not cause any noticeable changes in stored free energy content, since the entanglements qualify the system for storing energy.
Below C * , intrinsic viscosity shows a weak linear functionality of concentration, and above C * the order of composition dependence is about 3.5. Therefore, the changes below C * have probably some effects on binodal lines; however, this effect is ignorable on spinodal lines.
Regarding this point, viscosity and zero shear rate viscosity at c>C * , show the following functionality as concentration and temperature obtained by curve fitting on experimental data [1] Therefore, stored free energy is estimated applying the data in this part obeying the equations mentioned in Appendix 1 in a composition-and temperature-dependent form.
